Negativity of the Wigner function is seen as a crucial resource for reaching a quantum computational advantage with continuous variable systems. However, these systems, while they allow for the deterministic generation of large entangle states, require an extra element such as photon subtraction to obtain such negativity. Photon subtraction is known to affect modes beyond the one where the photon is subtracted, an effect which is governed by the correlations of the state. In this manuscript, we build upon this effect to remotely prepare states with Wigner-negativity. More specifically, we show that photon subtraction can induce Wigner-negativity in a correlated mode if and only if that correlated mode can perform Einstein-Podolsky-Rosen steering in the mode of subtraction.
Negativity of the Wigner function is seen as a crucial resource for reaching a quantum computational advantage with continuous variable systems. However, these systems, while they allow for the deterministic generation of large entangle states, require an extra element such as photon subtraction to obtain such negativity. Photon subtraction is known to affect modes beyond the one where the photon is subtracted, an effect which is governed by the correlations of the state. In this manuscript, we build upon this effect to remotely prepare states with Wigner-negativity. More specifically, we show that photon subtraction can induce Wigner-negativity in a correlated mode if and only if that correlated mode can perform Einstein-Podolsky-Rosen steering in the mode of subtraction.
Manipulating networks is at the heart of information processing and communication. Hence, the growing interest in a quantum internet [1, 2] is a logical step in the developments of quantum technologies. The key idea of such a quantum network, be it for communication or for distributed computation, is to connect a large number of nodes via quantum entanglement [3, 4] . A platform that is particularly promising for such applications is continuous-variable quantum optics, where large entangled graph states can be deterministically produced [5] [6] [7] [8] [9] . Even though this allows us to produce intricate quantum networks, the resulting Gaussian quantum states still have a positive Wigner function.
Negativity of the Wigner function has been identified as a necessary ingredient for implementing processes that cannot be simulated efficiently with classical resources [10, 11] , and is therefore an essential resource [12, 13] to achieve a quantum advantage. In networked quantum technologies it is, thus, crucial to generate and distribute Wigner-negativity in the nodes of a quantum network. In this spirit we focus here on the remote generation of Wigner-negativity, such that operations in one node of a quantum network create negativity in the Wigner function of another node while upholding the entanglement in the quantum network.
Photon subtraction [14] [15] [16] is a natural candidate for such operation. In previous work, we showed that the subtraction of a photon causes an interplay between correlations and non-Gaussian features [17] . In the specific case of graph states, it was shown that non-Gaussian properties, induced by photon subtraction, propagate through the system [18, 19] , however it is far from clear whether this mediated non-Gaussianity has quantum features (see also [20] ). Hence, here we turn the question around, and ask what type of correlations are required to remotely generate negativity of the Wigner function through photon subtraction. We show that Einstein-Podolsky-Rosen (EPR) steering [21] [22] [23] [24] [25] is a necessary and sufficient condition.
In its essence, EPR steering focusses on the the structure of conditional quantum probabilities: when Alice and Bob share a quantum state, Bob can perform measurements on his part of the state and Alice can condition here state on Bobs measurement outcomes. Quantum correlations can induce an effect on Alices statistics that cannot be explained by classical probability theory. If this is the case, Bob is said to steer Alice's state. In practical applications [26, 27] , steering is important when Alice does not trust Bob, since it allows Alice to verify that strong quantum correlations are present and that Bob conveyed the correct measurement outcomes. The only condition is that Alice should trust her own setup. Motivated by these practical applications, EPR steering has been demonstrated in a range of experiments [28] [29] [30] [31] [32] [33] . Our current results introduce the remote generation of Wigner-negativity as a new application of EPR steering, which is achievable with state-of-the-art experimental techniques.
Our manuscript is organised as follows: First we present a general derivation for the condition for remote preparation of Wigner negativity through photon subtraction, where we show that EPR steering is necessary. Then, we prove that with an additional Gaussian transformation before the subtraction of the photon EPR steering becomes necessary and sufficient. Finally, we show these results in action for a two-mode EPR state, and for a realistic six-mode graph state.
First of all, let us introduce the theoretical framework of multimode continuous-variable quantum optics, by introducing the observableÊ( r, t) that describes an m-mode electric field:Ê
where {u 1 ( r, t), . . . , u m ( r, t)} is a mode basis, i.e. an orthonormal set of solutions to Maxwell's equations that describe the system under consideration. The observablesx j andp j are known as the amplitude and phase quadratures, respectively, and follow the canonical commutation relations [x j ,p k ] = 2iδ j,k , [x j ,x k ] = 0, and [p j ,p k ] = 0. The mode basis {u j ( r, t)} is not unique, and can be changed through passive linear optics. When the mode basis is changed, the observablesx j andp j change with it. Hence, it is often convenient to define the quadrature observablê where f ∈ R 2m can now be interpreted as an arbitrary point in the optical phase space. This leads to the general com-
is the standard inner product and Ω is the symplectic form with properties Ω 2 = −1, and Ω t = −Ω.
Our present work starts out from a multimode Gaussian state ρ, from which a photon is subtracted to render the state non-Gaussian. The resulting photon-subtracted state is given by
where g ∈ R 2m is a normalised vector in phase space, associated with the mode in which we subtract the photon. Because of the Gaussian properties of ρ, the Wigner function of ρ − can be obtained analytically [17] , leading to a phase space representation of the state. Furthermore, the methods used to obtain this result, can equally well be applied to find the Wigner function of a single mode, where all other modes are integrated out [34] .
Here, we use correlations with the aim to remotely induce Wigner-negativity, as indicated in Fig. 1 . Hence, we study the reduced Wigner function for a single mode f ∈ R 2m , given that we subtracted the photon in a distinct mode g ∈ R 2m . To express this single-mode Wigner function, we must introduce several objects. First, we define V f and V g as the twodimensional covariance matrices [35] from the modes associated with f and g, respectively. Moreover, we introduce the 2 × 2 matrix V f g that contains the correlations between modes f and g, such that
is the covariance matrix that describes the two-mode system associated with f and g. Note that V { f,g} must be a positive symplectic matrix with respect to the symplectic form Ω with m = 2. Finally, we introduce ξ f , ξ g ∈ R 2 that describe the mean field (i.e. the displacement) in modes f and g, respectively. After the subtraction of a photon, we find that the single-mode Wigner function for the mode f is given by
where β f ∈ R 2 denotes an arbitrary point in the twodimensional phase space associated with mode f . In (5), we introduced the Schur complement of V { f,g} , given by
In statistical terms [36] , this matrix describes the variance of mode g when conditioned to a specific joint measurement outcome for the phase-and amplitude quadrature in mode f (a procedure which is unphysical). As a next step, we explore when W − f (β f ) becomes negative. First of all, we note that the Wigner function is negative if and only if the
Hence, we find the simple negativity condition
To understand the constraints that are put on the correlation in the initial Gaussian state by (7), we emphasise how the Schur complement V g| f is related with EPR steering. The mode f is said to steer the mode g when conditional covariances violate Heisenberg's uncertainty relation [37] , which is directly related to the properties of V g| f [23] . More specifically, Gaussian EPR steering can be quantified through the Williamson decomposition which (in this singlemode case) allows to write V g| f = νS t S , where S is a symplectic matrix and ν > 0. In the absence of EPR steering, the positive matrix V g| f gives rise to values ν > 1. On the other hand, when mode f can steer mode g, we find that ν < 1. Note that ν can be use to define a measure for the capability of f to steer g [38] . When we use this decomposition in (7) , we find that ν eq. (7)
where the latter inequality follows from the fact that S t S is a positive symplectic matrix (and thus has a trace larger than two). Condition (8) shows that EPR steering is a necessary condition to remote preparation of Wigner-negativity through photon subtraction. More specifically, if a photon is subtracted in mode g and the single-mode Wigner function of a correlated mode f is rendered negative, this implies that homodyne measurements in mode f are able to steer homodyne measurements in mode g.
Although (8) shows that EPR steering is a necessary condition, it is typically not a sufficient one. The condition entails that a certain amount of steering is required, and this amount depends on the fine details of the initial Gaussian state, as captured by the factor tr[S t S ]. However, the derivation of (8) hinges from the fact that we perform photon subtraction on mode g. It is thus natural to wonder whether allowing an additional operation in mode g can make EPR steering also a sufficient resource for the transfer of Wigner-negativity. The additional operation, which is required to achieve this goal, turns out to be a local Gaussian transformation. Note that applying such a local operation to the initial Gaussian state cannot change its steering properties.
We thus consider a local Gaussian operation on mode g, represented by a symplectic matrix R, which we will implement prior to the subtraction of the photon. Because this operation is local, it only affects V g and V f g , as given by V g → R t V g R, and V f g → V f g R. Hence, as this local operation is implemented prior to the photon subtraction, we can modify V g and V f g in (5) accordingly, and (7) then becomes
When we apply Williamson's decomposition to this inequality, we find that (8) changes as
In contrast to EPR steering, the condition for remote creation of Wigner negativity in mode f is not independent of local Gaussian transformations on mode g, as shown directly by (10) . Because we allow any local Gaussian operations prior to photon subtraction in mode g, we can choose R = S −1 and obtain our key result:
Wigner-negativity in f eq. (10)
⇐⇒ ν < 1 ⇐⇒ f steers g. (11) Thus, we can induce negativity in the Wigner function in mode f by implementing local Gaussian operation and a photon subtraction in mode g if and only if mode f can steer mode g. From (10), we see that the Gaussian transformation R must change the squeezing for the effect to be non-trivial. Since the transformation is obtained through the Williamson decomposition of V g| f , which is a priori not a physical covariance matrix, there is no simple relation between the required squeezing values in the local Gaussian transformation and the physical noise in mode g.
Remark that the conditions (7) and (11) are independent on the displacement of the state. Thus, in principle the displacement plays no role in whether or not W − f (β f ) reaches negative values. However, it should be stressed that our criteria only test the existence of Wigner-negativity, they do not provide a quantitative measure for this negativity. The latter is usually hard to calculate analytically, but we can evaluate
to find the minimal value w min of the Wigner function
Here we see that w min rapidly tends to zero for increasing displacements ξ g , which clearly highlight the detrimental impact of the displacement in mode g. In other words, even though displacement does not play a role in (7) and (11) for determining whether the Wigner function is negative, the displacement ξ g in the mode g of photon subtraction plays an important role in determining the amount of negativity that is induced in mode f . It should be noted that the displacement ξ f in mode f does not play any role in (12) . Given that the Wigner-negativity in mode f is manifested around
, this implies that one could use this scheme to generate "bright" non-Gaussian states.
Another important element in determining the amount of Wigner-negativity in W − f (β f ) is purity. We find the factor (det V f ) −1/2 in (12) , which determines the purity of mode f . This highlights an interplay between competing effects: on the one hand, steering, and thus entanglement, is required to transfer Wigner-negativity to mode f . This quantum correlation between the mode of subtraction g and mode f induces impurity in the reduced single-mode state of f . On the other hand, impurity of f prior to photon subtraction reduces the amount of Wigner-negativity that can be induced.
Up to this point, the argumentation held for any arbitrary pair modes f and g, let us now make the obtained results more concrete. First of all, we consider the EPR state, which is obtained by mixing two squeezed vacuum states (one squeezed in the amplitudes and the other in the phase quadrature) on a balanced beamsplitter. This state has been extensively studied in literature [21, 28, 37, 39, 40] , and here we will create a negative Wigner function in one of the two EPR-modes by subtracting a photon in the other. First, note that
where s g < 1 denotes the squeezed variance of the amplitude quadrature in mode g, whereas s f < 1 denotes the squeezed phase quadrature in mode f . We directly find that
which is smaller than one for any choice of s f , s g < 1. Hence, (7) implies that subtracting a photon in mode g will always induce negativity in the Wigner function of mode f . In essence, this result is narrowly related to the heralding of single photons through parametric down-conversion. We can also subtract a photon from one of the modes in a larger multimode state. In particular, we consider CV graph states [5] [6] [7] [8] [9] , which form the backbone of measurement-based quantum computing in CV [41] , and have tractable entanglement properties. Recently, EPR steering was experimentally observed in such a system [31] . These states are Gaussian, with a covariance matrix that is built in accordance with a graph G as a blueprint. The graph G describes the entanglement pattern that will be imprinted on as set of squeezed modes. For simplicity, we assume that all modes are equally squeezed. Now, let A denote the adjacency matrix of the graph (i.e. A jk = 1 when j and k are connected, and zero otherwise), which gives us the final graph state covariance matrix [42, 43] 
where X = (A 2 + 1) −1/2 and Y = AX. We refer to s > 0 as the squeezing parameter, and n > 1 denotes the fraction of added thermal noise. In Fig. 2 , we consider a six-mode scenario. Panel (a) shows graph G, where a photon is subtracted in the red vertex (mode g) and we study the negativity of the reduced Wigner function for the mode associated with the green vertex (mode f ) in panels (c) and (d). In panel (b), we see that (7) is fulfilled in regions of intermediate squeezing, whereas the amount of thermal noise that can be allowed depends on the squeezing. This example shows that, even in systems with a significant number of modes, Wigner-negativity can be remotely prepared. This result is intriguing since, a priori, additional entangled modes lead to more noise in the subsystem of modes f and g. Bearing in mind quantum communication applications, it is important to know that our results are applicable in networked structures. Fig. 2 also shows the detrimental effect of too much squeezing and thermal noise on the remote generation of Wigner-negativity. As a consequence, the Wigner function in panel (c) does not attain negative values. To counter this effect, the importance of local Gaussian transformation in the subtraction mode g is explored in Fig. 3 . We previously stressed that applying a local Gaussian transformation, according to (10) , leads to (11) as a condition for the remote generation of Wigner-negativity. Therefore, panel (b) shows when ν < 1 and, thus, when mode f can steer mode g. First, note that panel (c) now shows a negative Wigner function, in stark contrast to what we saw in Fig. 2 for the same parameters. Also the Wigner function in panel (d) reaches more negative values than in Fig. 2 .
In conclusion, we have shown that photon subtraction can be used to transfer Wigner-negativity to an entangled node, given that condition (7) applies: for photon subtraction in mode g to create Wigner-negativity in mode f , it is necessary that g is EPR steerable by f . EPR steering also becomes a sufficient condition when we allow for additional local Gaussian transformations prior to photon subtraction. In Figs. 2 and 3 , we show that this remote generation of negativity is feasible in a non-ideal six-mode graph state, stressing the experimental potential of these results.
The framework presented in this manuscript can directly be generalised to a multimode scenario, where mode f is replaced by a set of modes that can jointly steer mode g [33] . Finally, we note that an equivalent analysis shows that remote generation of Wigner-negativity is impossible with photon addition.
